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Abstract 

In this paper, we provide a bound for Hofer energy of punctured 
J-holomorphic curves in almost complex manifolds with asymptotically 
cylindrical ends. As an application, we prove that the number of times 
that any smooth J-holomorphic curve u passes through a fixed point in a 
closed symplectic manifold [M, u/J] is bounded by a constant. The con- 
stant depends on the symplectic area of u, and does not depend on the 
domain Riemann surface and the map u. Here J is any a/— compatible 
smooth almost complex structure on M. In particular, we do not require 
J to be integrable. 

Key words. Asymptotically cylindrical, stable hamiltonian struc- 
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1 Introduction 

Hofer energy is introduced in [5] for J-holomorphic curves in symplectization of 
contact manifolds, and is generalized in [5] for J— holomorphic curves in the "al- 
most complex manifolds with cylindrical ends". Here "cylindrical" means that 
the almost complex structure J is invariant under translation. Hofer energy 
plays an essential role in the study of J-holomorphic curves in Symplectic Field 
Theory mainly because of the following two properties: (A) the asymptotic be- 
havior of a J-holomorphic curve in a noncompact symplectic manifold can be 
controlled by requiring its Hofer energy to be finite, and hence a uniform Hofer 
energy bound gives a Symplectic Field Theory type of compactification of mod- 
uli spaces of J— holomorphic curves; on the other hand, (B) a uniform Hofer 
energy bound can be obtained by specifying the behavior the J-holomorphic 
curves at infinity and bounding their symplectic areas (see [21 [5]). In [2] the 
notion of Hofer energy and Property (A) are further generalized to include J- 
holomorphic curves in "almost complex manifolds with ASYMPTOTICALLY 
cylindrical ends". Here "asymptotically cylindrical" means that the difference 



1 Following the notation in [5] we save ui for something else. 
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between the almost complex structure J and a translation invariant one is ex- 
ponentially small. In this paper, we prove Property (B) in this setting. Property 
(A) and property (B) together imply the expected useful compactness results 
in Symplectic Field Theory. 

One of the main advantages of this generalization is that the asymptotically 
cylindrical J arises naturally. As an application, we prove that in a closed 
symplectic manifold (M, u>') with a fixed point p £ M and a u'— compatible 
almost complex structure J, the number of times that any J-holomorphic curve 
passes through p is uniformly bounded by a constant depending only on the 
symplectic area, M, a/, J. This is closely related to a question asked in [BJ. 
In [BJ, they study J-holomorphic curves with boundaries lying inside two clean 
intersecting Lagrangian submanifolds, and prove that the number of "boundary 
switches" at the intersecting loci is uniformly bounded by Hofer Energy. Their 
proof in an essential way relies on the additional requirement that the almost 
complex structure J is integrable near the intersecting loci. They ask to what 
extend their results are still true without assuming the integrability of J. In 
this paper, we provide a simple proof for the closed version of their result for 
arbitrary J. Namely, J-holomorphic curves we consider in this paper have no 
boundaries. In this case, "boundary switches" means that J-holomorphic curve 
passes p. Furthermore, the analysis developed in [5] and this paper can be carried 
out to include Lagrangians without difficulty. 

We would like to thank Yong-Geun Oh, Dietmar A. Salamon and Xianghong 
Gong for helpful discussions. 

2 Asymptotically cylindrical almost complex struc- 
ture 

Let V~ be a smooth closed manifold of dimension 2 A — 1 , J be a smooth almost 
complex structure on W- = M.~ x V-, R be the smooth vector field on W- 
defined by R := J (J^) , and £ be the subbundle of the tangent bundle TW- 
defined by £ ( ,,. u) = {JT v {{r} x V-)) n (T v {{r} x VL)), for (r,v) G W— Then 
the tangent bundle TW- splits as TW- = R(^) ©R(R) ©£. Define the 1-forms 
A and a on W- respectively by 

A(£) = A(&) = A(R) = 1, (1) 

<K0=O v(&) = 1 <t(R) = 0. (2) 

Let f s : W~ —> W- be the translation f s (r,v) = (r + s,v), for s ^ 0. We call 
a tensor on W- translationally invariant if it is invariant under f s . 

Definition 1. Under the above notations, J is called asymptotically cylindrical 
at negative infinity, if there exists a 2-form u on W such that the pair (J, uS) 
satisfies (AC1)-(AC7): 

. (AC1) i (£) u = = i(R)w. 
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• (AC2) cj|j (•, </•) is a metric on £. 

• (AC3) There exist a smooth translationally invariant almost complex 
structure J_oo on W and constants Ci,5i ^ 0, such that 

(J-J-c )\ [ - BB ,r ]x V-\\ ol ^ C * e ' ,r ® 

for all r ^ and / g Z> , where ||y>|| c ; := sup^ fe=0 |V fe <p(w)| and | • | is 

■w 

computed using a translationally invariant metric gw^ on W- , for example 
gW- — dr 2 + gy_ , and V is the corresponding Levi-Civita connection. 

• (AC4) There exists a translationally invariant closed 2-form aj_oo on W- 
and constants Ci, Si ^ 0, such that 



u} -°°)\(-oo,r]xV- 



< Qe 5 ' r (4) 



for all r ^ and I € Z> . 

• (AC5) The pair (J-oo,oJ-oo) satisfies (AC1) and (AC2). 

• (AC6) i(R_ 00 )dA„ 00 = 0, where R_oo := Hm /*R, A_oo := lim /*A, 



and both limits exist by (AC3). 

(AC7) R-ooM) = J^oo (£) e T v {{r} x V-). 



When we say J is asymptotically cylindrical, we choose u> without mentioning. 

Similarly, we could define the notion of J being asymptotically cylindrical 
at positive infinity for W+ = K + x V+. 

Remark 2. (VljCJ-oo) is a stable hamiltonian structure and (A_oo, J-oo) is a 
framing of the stable hamiltonian structure (See [7] for the definition of stable 
hamiltonian structure. However, in this paper we do not need it). 

Definition 3. We say an asymptotically cylindrical almost complex structure 
J is of contact type if w_oo = ^A-oo. 

The following definition is the case considered in (9j [TUl El [5] . 

Definition 4. We say J is a cylindrical almost complex structure, if J is an 
asymptotically cylindrical almost complex structure and both J and u are trans- 
lationally invariant. 

By (AC6) and (AC7) we can see that R_oo is a translationally invariant 
vector field on W- and it is tangent to each level set {r} x V_, so we can 
view R_oo as a vector field on V-. Let tjf be the flow of R_oo on V_, i.e. 
(j) 1 : V- — > V- satisfies ^0* = R_oo o Then we have 

^[(</ ) t )*A_ 00 ] = (</)')* (iR.^dA-oo + d*R_ ao A_ 00 ) = 0. 
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Thus (/>* preserves A_oo and hence £_oo- Similarly </>* preserves w_oo. 

Let's denote by V- the set of periodic trajectories, counting their multiples, 
of the vector field R oo restricting to V-. Notice that any smooth family of 
periodic trajectories from V- have the same period by Stokes' Theorem. 

Definition 5. We say that an asymptotically cylindrical J is Morse-Bott if, for 
every T > the subset Nt Q V- formed by the closed trajectories from V- of 
period T is a smooth closed submanifold of V—, such that the rank of w-oo|./v T 
is locally constant and T p Nt = ker [d(j) T — Id) p - 

In this paper, we assume that J is Morse-Bott. For the application 
in section 31 it is easy to check that this requirement is satisfied. 

Let £ := R~ x S 1 be the half cylinder with standard almost complex struc- 
ture j, and u = (a,u) : — > (W—,J) be a J-holomorphic curve, i.e. 
Tu o j = J(u) o Tu. The w-energy and A-energy of u are defined as follows 
respectively 



E u (u) = 




E x {u) = sup / u*((j)(r)cr A A), 
4>ec Jt, 

where C = {<p e C°°(R-, [0, 1])| /_ 4>{x)dx = 1}, and A and a are defined as 
in (TTJ) and @ . The Hofer energy of u is defined by 

E(u)=E u (u)+E x (u). 

Let's equip R _ x S 1 with coordinate (s, t). Here we view S 1 as R/Z. It 
is easy to check that u*u and u*(0(r)cr A A) are non-negative multiples of the 
volume form ds A dt on R" xS 1 . Actually, 

u*lu = u>(ir£U s , J(u)ir£:u s )ds A dt, (5) 
where 7r ? is the projection from TW_ = R(^) © R(R) © ^ to £, and 

u*(0(r)a A A) = 0(a) [cr^) 2 + A(u s ) 2 ] ds A dt. (6) 

The following theorem is one of the most important theorems in [5J 1101 [51 
0] for the case when J is cylindrical, and it is proved in the asymptotically 
cylindrical setting in [2]. 

Theorem 6. Suppose that J is an asymptotically cylindrical almost complex 
structure on W- = Mr x V- . Let u = (a, it) : R~ x R/Z W- be a J- 
holomorphic curve with finite Hofer energy. Suppose that the image of u is 
unbounded in W-. Then there exists a periodic orbit 7 of R_oo of period \T\ 
with T 0, such that 

lim u(s,t) = 7(Tt) (7) 
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Urn ^M = T 



(8) 



in C°°(5 1 ). 



On the other hand, we have 



Lemma 7. Suppose that J is an asymptotically cylindrical almost complex 
structure on W- = R~ x V-, and u = (a,u) : R~ x M/Z — » W- is a J- 
holomorphic curve. Suppose that there exits aperiodic orbits o/R_oo of period 
\T\ such that 



lim a(s, t) = — oo, 

s— >— oo 

lim u(s, t) = j(Tt). 

S—^ — OG 

Then 

lim = T , 

and Hofer energy E(u) < oo. 

Proof. This follows immediately from the proof of Theorem 2 in [2]. Namely, 
from the assumption, we could derive that the convergence in and (JSJ is 
exponentially fast. Then it follows by definition and direct calculation that 
E(u) < oo. □ 

Remark 8. Theorem |6] and Lemma [7] also hold for W+. 



3 Almost complex manifolds with asymptotically 
cylindrical ends 

Now we introduce the notion of almost complex manifolds with asymptotically 
cylindrical ends. 

Let (£", J) be a 2N dimensional noncompact almost complex manifold, and 
W± be an open subset containing the positive (negative) end of E. Assume 
that W± is diffeomorphic to R ± x V± , where V± is a 2N — 1 dimensional closed 
manifold. Assume that there exists a J-compatible symplectic form u/ on E, 
and that J\w± is an asymptotically cylindrical almost complex structure at 
positive (negative) infinity, then we say (E, J) is an almost complex manifold 
with asymptotically cylindrical positive (negative) ends. 

Let u be a J-holomorphic map from a possibly punctured Riemann surface 
(E, j) to [E, J), and then we define for a ^ 0, 

Esymp,a(S^) — / U LO , 

J r 1 (E\f|U»'!) 

where W% := (a, +oo) X V+ C W+, and := (-oo, -a) xKcW- 



l (W + ) Ju- 1 (W-) 



E u (u) -- 

E\(u) = sup / u*{4>{r)(j A A) + sup / u*(<f>(r)a A A), 

<t>ec+ Ju- 1 (w+) <t>eC- Jw-^CW-) 



where 



0eC°°(M+,[O,l])| y = 1 
C_ = UeC°°(M-,[0,l])| /*0 = 1 



and 



symp, a 

(u) + E u (u) + E\(u). 
If lim E symPya (u) is finite, we define 



Esympi^) — lim E S y m p a {xi) 

a— > +00 



and 

E(zt) = E symp (u) + E u (u) + E x (u). 

To compactify the moduli space of J-holomorphic curves, we need to include 
holomorphic buildings (see [S]). There is no difference between almost complex 
manifolds with cylindrical ends and almost complex manifolds with asymptoti- 
cally cylindrical ends when it comes to the definition of holomorphic buildings 
and the topology of the moduli space of holomorphic buildings. We also have 
the expected compactness theorem for the latter case. 

Theorem 9. (J5jj for cylindrical case; Jity) For any a _ 0, the moduli space of 
stable holomorphic buildings with uniformly bounded Hofer energy E a , whose 
domains have a fixed number of arithmetic genus and a fixed number of marked 
points, is compact. 

The following theorem shows that in the contact case Hofer energy E a (u) 
can be uniformly bounded by the Symplectic area E symPta (u) and the periods of 
the periodic orbits 7+'s of R+oo that u converges to at positive infinity (compare 
to 9.2 in [5]). 

Theorem 10. Suppose (E, J) is an almost complex manifold with asymptot- 
ically cylindrical ends of contact type. There exists C > and a > such 
that for any finitely punctured Riemann surface and any non-constant 

J-holomorphic curve u : £ — >• E which converges to periodic orbits 7± ? s o/R+00 
around the punctures of S, we have E a {u) ^ C J 7+ ^+00 + E symPya (u)) , 
where the summation is taken over all the periodic orbits 7+ 's of R+oo to which 
u converges. 
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Proof. Let us deal with the negative end W- first. 

For any R > 0, we pick — r € [— 2R, —R] such that — c is a regular value of rou, 
where r : W- — > (— oo,0) is the projection map. Denote A := oo, — r] x 

V-) C S and £?i := u _1 ({— t} x V_). Let A be the orient blow up of A around 
all the punctures of A, i.e. A = A U B2 with B2 := U5 1 being the disjoint 
union of circles introduced by orient blow up. Hence we have dA = B\ U B-i- 
We choose the orientation of B\ to be the boundary orientation from A, while 
we choose the orientation of Bi to be the reverse orientation of the boundary 
orientation from A. 

From now on, let us restrict ourselves to (—00, —R] x V- and make R large 
when necessary. We say that a 2— form A is J— positive, if for a sufficiently 
large R, A is positive on any J— complex planes of T ((—00, —R] x VI) including 
infinity. In other words, it means that inf A(£, J£) > 0, where the infimum is 
taken over all the vector £'s on (—00, — R] x V_ with norm ||C|| ffw = 1 (Recall 
that gw- is & translational invariant metric). 

From and © we know that PdA_ oc + Qdr A A_oo is J_co— positive for 
any constants P, Q > 0. In particular, dA_oc + dr A A_ oc is J_ ao — positive. 
Therefore, we could get that dA_oo + dr A A_oo is J— positive. Since dA_oo is 
J-oo— non-negative, there exist Ci,ki > such that 

dA_oo + Cie Kir (dr A A_oo + dX^^) 

is J— positive, so is 

C\e Kir 
1 + Cie Kir 

where the constant C\ > depends on R, and we can choose C\ close to by 
making R large, 

Therefore, restricted to J-complex planes in T ((—00, —R] x V-) for large R, 
we have 

w ^ C 2 f dA-oo + 1+ ^ ieKir rfr A XA , (9) 

where the constant C2 ^ 1 depends on R, and we can choose C2 close to 1 by 
making R large. 

Similarly, since dr A A_oo is J-oo— non-negative, we can see that 

Cie Kir 

dr A A_oo + - K , r dX -oo 
1 + Gie Kir 

is J— positive. 

Therefore, when restricted to J-complex planes in T((— 00,— iZ] x V_) for 
large i?, we have 

o-AA^CafdrAA-oo + T-^^-rdA-ooV (10) 

On the other hand, since Puj + Qa A A is J— positive for any P,Q>0, when 
restricted on J-complex planes in T((— 00, —R] x ]/_) for large R, we obtain 
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and 



\dr A A^ool ^ C 2 {e Kir uj + a A A) 
IdX^l $C 2 (w + e" ir aAA). 



Therefore, we have 



(11) 
(12) 



L (w_) 



< 



< C 2 I u 

I A 



u ui 

{•S\A}Du- 1 (W-) 

de Kir 



-dr A A_oo + / 



< C 



M*A_oo - C 2 U*A_oo 



Bi 



Cie Kir 



S C 2 I u*A-oo+C 2 / u* ' 

JBx J A 



1 + Cie Kl 



-dr A A_ c 



{EXAInii-HM^-) 



While, 



< 



1 + Cie Kir 

Cie Kir 
l + Cie Kir 



dr A A_oo 
dr A A_„o 



(13) 



^ CiC 2 / |re Kir (e Kir w + (TA A)| 

^ \E u {u\ w _) + C 1 C 2 K^ 1 e- K ^ j u* ( Kl e«f ,+r 'aAA) . (14) 
Since J_ Kie Kl ( r+r ' ) dr = 1, we have 

f it* ( Kl e Kl(r+r V A A) £Ex(u). 



Therefore, by picking R sufficiently large, we can make r sufficiently large, and 
then (fT4"]) implies 



de 5ir 
1 + Cie s ^ r 



dr A A_ c 



^K(«k) + ^(«k)' (15) 
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Let <!>(r) = J_ <f>(t)dt, and then we get 



/ 

Ju- 1 



(W- 



u* {(t>{r)a A A) 



^ / u* {4>{r)(i A A) + / u* ((f>(r)cr A A) 

./{£\A}nii- 1 (vi< r _) 

f / C 1 p Kir 



0(r)rfA. 



u* 0(r)<7 A A) 



^ C 2 [ u*d(®(r)\- 00 )-C 2 [ u*($(r)dA-oo) 

+C 2 Ci / r ( - ^(rjdA-oo) + / {4>{r)a A A) 



^ C 2 J^u*d($(r)\- 00 )-C 2 y^u 



Cie Kir 

^(rjdX-ce + $(r)- _ dr A A_ 



1 + de Kir 



{i:\Aynu~ 1 (w^) 



u* (4>(r)a A A) 



g C 2 



_ «*rf($WA-oo) + C 2 d / u* ( $(r) 1 + CieKir dr A A 



0(r)dA_ 



d u*\-oo + dd jf ft* ($(r)- 



+ Cie K i r 



{E\A}nii- 1 (w) 
-dr A A_ 



u* (</>(r)<7 A A) 



+C 2 d / u* </>{r)dX. 



u* (0(r)cr A A) 



< {Y,\A}r\u- 1 {W~) 

While we have 



(16) 



^ dd / u* \e Kir dr AA^I 

^ -^a,(w|w_) + 7^A(w| W _), 



(17) 
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and 



C 2 Ci / u* — 4>(r)d\- c 

S Cld [ u*e KlT (us + e KlT a A A) 

J A 

^ -^E u (u\ w _) + -E x {u\w-)- 
Therefore, from (JTSJ), dHJ), HI]), (fTF ]) . and (fT8 |l . we get 

E(u\w„) ■= E u (u\ w _) + E\(u\w_) 

f 3 3 

^ 2C 2 / u*\- 00 + -E u {u\ w _) + -E x (u\ w _) 

J B x 4 4 

u*ui + u* {4>{r)a A A) . 

{T,\A}r\u- 1 {w^) J {s\A}n«- 1 (iy_) 



(18) 



Thus, 



u*A„oo +4 

Bi J {T,\A}r]u- 1 {W-) 



4 / u* (<^(r)(T A A) . 

{E\ J <i}nti- 1 (H'-) 

Now we define a function r by r(r) = for -r^r^ —R. Since r(— r) = 1 
and t(—R) = 0, by Stokes' Theorem we get 



j U*\-oo 




Bi 






< 




^ < 



{n\A}r\u- 1 (W-) 



{■s:\Aynu- 1 (W-) 



|u*d(r(r)A_ 00 )| 



{E\A}ni- 1 (W-) 

where C3 is a constant depends on i?, and the last inequality follows from the 
fact that on any J-complex planes the symplectic form ui' is positive. For the 
same reason, we also have 



and 



{s\A}nu- 1 {W-) J {T,\A}na- 1 (W-) 



/ u* (a A A) ^ C 3 / 

i{s\A}nd- 1 (M / -) ^{EVAlnii-MW-) 
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These imply 



E{u\ w _)^C A E, 



symp. 



,2R(u) 



(19) 



where C4 is a constant independent of u. 

For positive end W+, it is similar. Indeed, based on the proof for the negative 
end, one can show that there exists a constant C5 > independent of u, such 
that 



E{u\ w+ )=E u {u\w + )+E x {u\ w+ )^C 5 \Y^ / l* + Koo+E syrnpfiR {u)\ , (20) 



where the summation is taken over all the periodic orbits 7+ 's of R+oo to which 
u converges at positive infinity. 

By (J20j) and gS), we have E a (u) ^ C (£ / 7+A +00 + E symPia (u)) . □ 

4 An application to closed symplectic manifolds 
with a compatible J 

Now we would like to apply the previous results to study the moduli space of J- 
holomorphic curves passing through a fix point in a closed symplectic manifold. 
This generalizes some results in [3]. 

Let M be a closed smooth symplectic manifold of dimension 2N with sym- 
plectic form uj' , and J be a compatible almost complex structure. For a suffi- 
ciently small neighborhood U of p £ M, there exists a Darboux coordinate chart 
(p : U — > B(0, e) C C N such that ip(p) — O, ip* J\ Q — i\o and ip*u) s t = w', where 
O is the origin, B(0,e) := { z £ C N \ \z\ < e} and i is the standard complex 
structure on C N , and ui s t '■= 5 Efe=i dzk/\dz~k = 5Zfc=i dxk/\dyk is the standard 
symplectic structure on C^. We identify B(0,e)\0 with W_ := E~ x S" 2 ^ -1 
via the map V'(^) = (log \z\ — loge, A). Let us simplify the notation (ip o ip) r J 
by J when there is no confusion. 

We define £, R, A, and a as before. Then \- x '■= lim / s * A = ITA sf , where 



is the standard contact 1-form on the unit sphere S 2N ~ X C C^, and II : R~ x 
g2N-i _^ S 2N ~ 1 is the projection. Define the 2-form u> on W_ by u) = 
(2dr A A_oo + dA_oo) (tt^u, 7r^w), where u,v £ T/ r g\W—, and 7rj is the projection: 
TW- = © R(R) Using the facts that w.^ := lim /*w = 

dX-oo and (ip o (p)^ ll/ = oj s t — d(e 2r X-oo) = e 2r (2dr A A_oo + dA_oc) ; we can 
easily check that (W_,u>, J) satisfies (AC1)-(AC7). Notice also that R-oo := 
lim /*R restricted to S 2N ~ 1 is exactly the standard Reeb vector field on 





s 



— 00 
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S 1 , so we can see that J is Morse-Bott. Therefore, (M\p,ui, J) an almost 
complex manifold with an asymptotically cylindrical negative end of contact 
type. 

Let (E, j) be a Riemann surface with finitely many punctures and u : E — >• 
M\p be a J-holomorphic curve, i.e. J(u) ° Tu = Tu o j. 

We say a puncture q of E is removable if around q, u converges to a point 
in M\p. Otherwise, we say q is non-removable. To clarify the relations between 
different concepts we state the following lemma. 

Lemma 11. Suppose that all the punctures o/E are non-removable. Then the 
following statements are equivalent. 

1. u converges to some Reeb orbits of R_oo at negative infinity around the 
punctures of E. 

2. E a (u) is finite for any a ^ 0. 

3. E a (u) is finite for some a ^ 0. 

4. lim E symp a (u) is finite. 

5. If we view u as a map from E to M, then u extends smoothly over S, 
where S is the smooth Riemann surface associated to E. 

Proof. It is obvious that (2) <^=^- (3). Lemma [7] says (1) ==> (3). From The- 
orem IS] and Removable Singularity Theorem, we get (3) => (1). (1) =>■ (4) 
follows from direct calculation. (4) (5) is true by the Removable Singularity 
Theorem. Finally, (5) => (1) is guaranteed by Theorem E0 in [12] . □ 

Assuming any of the (l)-(5) is true, then by (4) and (5) we have 

E sym p{u) = lim E symPl a(u) = lim / u*oj' = / u*oj' < +oo. 

a^+oo a ^+°° Jz-1(E\W^ ) JS 

Thus, E(u) = E symp (u) + E^lu) + E x (u) is well defined. 

The multiplicity of a Reeb orbit 7 is the degree of 7 as a cover of a simple 
Reeb orbit. For each non- removable punctures q of E, we can associate a positive 
integer which is the multiplicity of the corresponding Reeb orbit that u converges 
to around q. The next proposition says that the number of non-removable 
punctures of u counted with multiplicity is bounded by a constant independent 
of u and (E, j). 

Proposition 12. Given Q > 0, there exists a number N € N such that for any 
finitely punctured Riemann surface (S, j), and any non-constant J-holomorphic 
map u : E — > M\p with E(u) ^ Q, the number of non-removable punctures of u 
counted with multiplicity is no greater than N. 

2 Theorem B is stated for the case of a J-holomorphic strip with Lagrangian boundary 
condition, but it is easy to see that it is also true in this closed case. 
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Proof. Suppose to the contrary. Let u n be a J-holomorphic curve from a finitely 
punctured Riemann surface £„ to M\p with E(u n ) 5^ E, such that the number 
of non-removable punctures of u n goes to infinity as n — > oo. 

Let {q™}i< rn < mn be the set of non-removable punctures of E„, and {7 9 ™ } 1 < m 
be the Reeb orbits of R_oo to which u n converges around the non-removable 
puncture q™ . We denote the period of 7 9 ™ by 2fc g n,7r, with k q m 6 Z>o- By 
assumption, we get that 

fe,m — > OO 

ra—\ 

as n — > 00. 

We can pick [r„ — l,r„ + 1] x g 2 ^ 1 inside such that 
u- 1 {[r n -l,r n + l] xS™- 1 } 
consists of connected components A™ C S„ for 1 ^ m ^ m„ with 

fi„(9 x A™) c K + 1} x s 2 "- 1 , 



„(9 2 A™) c {r„ - 1} x 5 



2JV-1 



Pick n (r) G C_ to be a function satisfying <p(r) = i for r n — 1 ^ r ^ 
r„ + 1. Define a 2-form il„ by Vl n :~ 4> n (r)a A A + uj on W-. We know fl n 
is non-degenerate over [r n — l,r n + 1] x S Since 5' 2Ar_1 is compact, by 

choosing r„ sufficiently negative, the Gromov's Monotonicity Theorem implies 
J^ m u*n„ > A) g m(5o > 0, for some So independent of m and n. Therefore, we get 



E ^E(u n ) 

^ Euj(u n ) + E x {u n ) 



u*w + sup 



<{<t>{r)o- A A) 



Z / ">+ / i£(&,(r)<rAA) 

■'% 1 ([r n -l ! r n +l]xS 2,v - 1 ) 



= E / <°« 
^ E 



m— 1 
> OO. 



□ 
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Let u be a non-constant J-holomorphic curve from a smooth Riemann sur- 
face (S, j) to M. By the Carleman Similarity principle, we know u~ 1 (p) is dis- 
crete, and hence finite. Let (£,i) be the punctured Riemann surface (S\u~ 1 (p), j) 
Now u can be viewed as a J-holomorphic curve from £ to M\p. This means that 
the condition (4) in Lemma [TT] is satisfied, so we have (l)-(5). Now it follows 
immediately from Theorem 1101 that 

Proposition 13. There exists C > 0, such that for any Riemann surface 
(S 1 , j) and any non-constant J-holomorphic curve u : S — > M, we have E(u) ^ 

C E syvap \U>)- 

Proposition [T2T, and Proposition IT51 imply the following 

Corollary 14. Given Q > 0, there exists N £ N, such that for any smooth 
Riemann surface (S,j) and any non-constant J-holomorphic curve u : S M 
with symplectic area E symp (u) ^ Q, we have that the number of pre-images of 
p counted with multiplicity is less than N. 

Remark 15. Note that N is independent of the genus and the complex structure 
of the Riemann surface (S,j), and the map u itself. 

Let Ai g (M, J,Q) be the moduli space of stable J-holomorphic curves u in 
M with genus g and E syrnp (u) ^ Q. From Corollary [T4l and Theorem^ we can 
compactify J\A g (M, J, Q) by including holomorphic buildings (See [3] for more 
discussions). 

It will be very interesting and useful to generalize the results in this paper 
by replacing the fixed point p with an almost complex submanifold. 
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